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Temperature jumpAbstract The fully developed steady natural convection ﬂow of conducting ﬂuid in a vertical par-
allel plate micro-channel in the presence of transverse magnetic ﬁeld is considered. The velocity slip
and temperature jump at the plates are taken in to consideration. The effect of various ﬂow param-
eters entering into the problem such as Hartmann number, rarefaction parameter, ﬂuid-wall inter-
action parameter and wall-ambient temperature difference ratio are discussed with the aid of line
graphs. During the course of computation, it is found that increase in the effects of rarefaction
and ﬂuid wall interaction leads to increase in volume ﬂow rate while the volume ﬂow rate decreases
with increase in Hartmann number.
 2014 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).1. Introduction
Micro-electro-mechanical systems (MEMS) and nano-electro-
mechanical systems (NEMS) have received great interest in
recent years. These highly integrated systems are now widely
applied to various applications. As a basic element in
MEMS/NEMS devices, micro-channel is often found to be
used for integrated cooling or heating in micro-reactor devices.
Current applications for such devices include micro-channel
heatsink, microjet impingement cooling and micro heat pipe.Most of these proposed designs involve internal micro-
channel ﬂows. Therefore, a thorough understanding of the
ﬂow behaviors in micro-channel is becoming increasingly
important for accurate prediction of performance during the
design process. Although there are a remarkably growing num-
ber of realized scientiﬁc and engineering applications found for
MEMS devices, the understanding on the ﬂuid dynamics and
heat transfer processes in such MEMS devices is still far from
being thorough. On the other hand, the performance of
MEMS often deﬁes predictions made using scaling laws devel-
oped for large systems. On the other hand, heat can be easily
built up in a densely packed MEMS protective housing, which
may cause undesirable or even destructive deformation. There-
fore, there is a pressing need of reliable computational capabil-
ities for accurate predictions of these devices.
The key quantity in micro-channel analysis is Knudsen
number (Kn), deﬁned as the ratio of molecular mean free path
to the characteristic length ðKn ¼ k=bÞ. Knudsen number is
very small for continuum ﬂows. However, for microscale gas
ﬂows where the gas mean free path become comparable with
Nomenclature
b channel width
B0 constant magnetic ﬂux density
Cp,Cv speciﬁc heats at constant pressure and constant
volume, respectively
ft,fv thermal and tangential momentum accommoda-
tion coefﬁcients, respectively
g gravitational acceleration
In ﬂuid–wall interaction parameter, bt/bv
Kn Knudsen number, k=b
m volume ﬂow rate
Q dimensionless volume ﬂow rate
M Hartmann number
Nu dimensionless heat transfer rate (Nusselt number)
Pr Prandtl number
T temperature of ﬂuid
T0 reference temperature




b thermal expansion coefﬁcient
bt,bm dimensionless variables
cs ratio of speciﬁc heats (Cp/Cv)
l dynamic viscosity
h dimensionless temperature
n wall-ambient temperature difference ratio
q density
m ﬂuid kinematic viscosity
r electrical conductivity of the ﬂuid
Subscripts
1 hotter wall values
2 cooler wall values
290 B.K. Jha et al.the characteristic dimension of the duct, the Knudsen number
may be greater than 0.001. Micro-channel with characteristic
lengths on the order of 100 lm would produce ﬂows inside
the slip regime for gas with a typical mean free path of
approximately 100 nm at standard condition. A classiﬁcation
of different ﬂow regimes based on Kn is given in Schaaf and
Chambre [1].
A series of investigations have been conducted recently in
the ﬁeld of micro geometry ﬂow. However, to cite a few works
in this direction, Chen and Weng [2] analytically studied the
fully developed natural convection in open-ended vertical par-
allel plate micro-channel with asymmetric wall temperature
distribution in which the effect of rarefaction and ﬂuid wall
interaction was shown to increase the volume ﬂow rate and
decrease the heat transfer. This result is further extended by
taking into account suction/injection on the micro-channel
walls by Jha et al. [3]. They concluded that skin-friction as well
as rate of heat transfer is strongly dependent on suction/injec-
tion parameter. In another article, Larrode et al. [4] and Yu
and Ameel [5] considered the temperature jump condition
and found that the effect of ﬂuid–wall interaction is very
important. The effect of the hyperbolic heat conduction model
on the transient hydrodynamics and thermal behaviors of ﬂuid
ﬂow in an open-ended vertical parallel plate microchannel was
analytically studied by Khadrawi et al. [6]. Biswal et al. [7]
numerically investigated the ﬂow and heat transfer characteris-
tics in the developing region of an isothermal planar micro-
channel by using the semi-implicit method for pressure
linked equations. Recently, Chen and Weng [8] modeled the
developing convection in an asymmetrically heated planar
microchannel based on the second-order Beskok–Karniadakis
slip/jump boundary conditions by using a marching implicit
procedure.
On the other hand, the ﬂow of an electrically conducting
ﬂuid through a channel or a circular pipe in the presence of
a transverse magnetic ﬁeld is encountered in a variety of appli-
cations such as magnetohydrodynamic (MHD) generators,pumps, accelerators, and ﬂow meters. Besides these applica-
tions, when the ﬂuid is electrically conducting, the free convec-
tion ﬂow is appreciably inﬂuenced by an imposed magnetic
ﬁeld. In the pasts, several MHD free convection solutions were
obtained by Cramer and Pai [9], Chawla [10], Soundalgekar
and Takhar [11], and so on. Sheikholeslami et al. [12] investi-
gated the magnetic ﬁeld effect on nanoﬂuid ﬂow and heat
transfer in a semi-annulus enclosure via control volume based
ﬁnite element method. Sheikholeslami and Gorji-Bandpy [13]
presented the numerical solution for free convection of ferro-
ﬂuid in a cavity heated from below in the presence of external
magnetic ﬁeld, while the magnetohydrodynamic natural con-
vection of nanoﬂuid in a concentric annulus between a cold
outer square cylinder and a heated inner circular is investigated
by Sheikholeslami et al. [14].
Some recent works related to the present investigation are
found in literature [15–21], In [15], Sheikholeslami et al. con-
duct a numerical investigation of MHD natural convection
heat transfer in an L-shape inclined enclosure ﬁlled with nano-
ﬂuid. Sheikholeslami et al. [16] studied magnetohydrodynamic
effect on natural convection heat transfer of Cu–water nano-
ﬂuid in an enclosure with hot elliptic cylinder. Also, Sheik-
holeslami et al. [17] numerically examine the natural
convection of nanoﬂuids in a concentric annulus between a
cold outer square cylinder and a heated inner circular. Flow
and heat transfer of a nanoﬂuid over a stretching cylinder in
the presence of magnetic ﬁeld has been investigated by Aho-
rynejad et al. [18]. Recently, Sheikholeslami et al. [19] pre-
sented the numerical solution for natural convection of
nanoﬂuids in a cold outer circular enclosure containing a hot
inner sinusoidal cylinder. Sheikholeslami et al. [20] carried
out a numerical investigation on natural convection nanoﬂuid
ﬂow in a half annulus enclosure with one wall under constant
heat ﬂux in the presence of magnetic ﬁeld. In another work,
control based ﬁnite element method (CVFEM) is applied to
investigate ﬂow and heat transfer of Cu–water nanoﬂuid in
the presence of magnetic by Sheikholeslami et al. [21], In all
MHD natural convection ﬂow in a vertical parallel plate microchannel 291the works mentioned above, there was none that considered
the fully developed steady natural convection ﬂow of conduct-
ing ﬂuid in a vertical parallel plate micro-channel in the pres-
ence of transverse magnetic ﬁeld, hence the motivation of
this work.
Therefore, the main goal of the present work is to investi-
gate the inﬂuence of externally applied transverse magnetic
ﬁeld on steady natural convection ﬂow of conducting ﬂuid in
a vertical micro-channel. The effects of rarefaction parameter,
ﬂuid–wall interaction parameter, wall-ambient temperature
difference ratio and Hartmann number are discussed with
the aid of line graphs. The present work extends the work of
Chen and Weng [2] by considering the inﬂuence of externally
applied transverse magnetic ﬁeld on steady natural convection
ﬂow of conducting ﬂuid in a vertical micro-channel.
2. Mathematical analysis
Consider the fully developed steady natural convection ﬂow of
viscous, incompressible, electrically conducting ﬂuid in a
micro-channel formed by two vertical plates under the effect
of transverse magnetic ﬁeld. The x-axis is parallel to the grav-
itational acceleration g but in the opposite direction while the
y-axis is orthogonal to the vertical parallel plates. A magnetic
ﬁeld of uniform strength (0, B0, 0) is assumed to be applied in
the direction perpendicular to the direction of ﬂow. It is
assumed that the magnetic Reynolds number is very small,
which corresponds to negligibly induced magnetic ﬁeld com-
pared to the externally applied one. The plates are heated
asymmetrically with one plate maintained at a temperature
T1 while the other plate at a temperature T1 where T1 > T2.
Due to this temperature gradient between the plates, natural
convection ﬂow occurs in the channel. The geometry of the
system under consideration in this present study is shown sche-
matically in Fig. 1.
Following Chen and Weng [2], by taking into account the
conducting ﬂuid and transverse magnetic ﬁeld, the governing
equations for the transport processes in dimensionless form
in the presence of velocity slip and temperature jump under
Boussinesq’s approximation are obtained as follows:
d2U
dY2







Figure 1 Flow conﬁguration and coordinate system.d2h
dY2
¼ 0 ð2Þ




; h ¼ T T0
T1  T0 ; U ¼
u
U0








; where U0 ¼ qgbðT1  T0Þb
2
l
The physical quantities used in the above equations are
deﬁned in the nomenclature.
The boundary conditions which describe velocity slip and









































; n ¼ T2  To
T1  To :
Here cs is the ratio of speciﬁc heats, Pr is the Prandtl number,
fv and ft are the tangential momentum and thermal accommo-
dation coefﬁcients, respectively, and range from near 0 to 1, k
is the molecular mean free path, Kn is the Knudsen number, ln
is the ﬂuid–wall interaction parameter, and n is the wall-ambi-
ent temperature difference ratio. Referring to the values of fv
and ft given in Eckert and Drake [22] and Goniak and Duffa
[24], the value of bv is near unity, and the value of bt ranges
from near 1 to more than 100 for actual wall surface condi-
tions and is near 1.667 for many engineering applications, cor-
responding to fv = 1; ft = 1; cs = 1.4 and Pr= 0.71 (bv = 1;
bt = 1.667).
Eqs. (1) and (2), subject to the boundary conditions, (4)
have the following exact solutions:
hðYÞ ¼ A0 þ A1ðYÞ ð5Þ






A0 ¼ nþ bmKnlnð1 nÞ
1þ 2bvKnln
; A1 ¼ 1 n
1þ 2bvKnln
;




; and A3 ¼ F7
F6
Two important parameters for buoyancy – induced micro-
ﬂow and microheat transfer are the volume ﬂow rate m and
heat transfer rate q, respectively. The dimensionless volume
ﬂow rate is:






Substituting Eq. (6) into Eq. (7), one obtain













And rate of heat transfer which is expressed as the Nusselt
number are:










Using expression (6), we obtain the skin – friction (s) on the










¼MA2 expðMÞ MA3 expðMÞ þ F3 ð11Þ
All the constants are declared in Appendix.
3. Results and discussion
To see the physical impact of the Hartmann number, rarefac-
tion parameter, and ﬂuid–wall interaction parameter on the
ﬂow, we have plotted the line graphs for velocity, volume ﬂow
rate and skin-friction. The present parametric study has been
performed over reasonable ranges of 0 6 bvKn 6 0.1, and
0 6 ln 6 10. The product of bvKn represents a measure of the
departure from the continuum regime, while ln represents a
property of the ﬂuid–wall interaction. The selected reference
values of bvKn, and ln for the analysis are 0.05 and 1.667 as
presented by Chen and Weng [2]. In addition, the values of
Hartmann number (M) are taken over the range of




















Figure 2 Velocity proﬁle as a function bvKn for ln= 1.667,
M= 2.0.The expression for the temperature in Eq. (5), the effects of
the rarefaction parameter (bvKn), and ﬂuid–wall interaction
parameter (ln) on the temperature proﬁle and rate of heat
transfer which are expressed as the Nusselt number are exactly
the same as those given by Chen and Weng [2].
Fig. 2 shows the velocity variation for different values of
rarefaction parameter (bvKn). It is observed that as bvKn
increases, the velocity slip at the wall increases which reduces
the retarding effect of the wall. This yields an observable
increase in the gas velocity near the wall. Also, as bvKn
increases, the temperature jump increases and reduces the
amount of heat transfer from the wall to the ﬂuid. This reduc-
tion in heat transfer reduces the buoyancy effect, which derives
the ﬂow and hence reduces the gas velocity far from the wall.
The reduction in velocity due to the reduction in heat transfer
is offset by the increase in velocity due to the reduction in the
frictional retarding forces near the wall. In addition, as the
wall-ambient temperature difference ratio (n) increases, the
effect of rarefaction parameter (bvKn) on the microchannel slip
velocity becomes signiﬁcant.
Fig. 3 shows the velocity variation for different values of
ﬂuid–wall interaction parameter (ln). It clearly reveals that
velocity slip increases on the microchannel surfaces with
increase of ﬂuid wall interaction parameter while the impact
of ﬂuid–wall interaction parameter on the microchannel slip
velocity become signiﬁcant with the decrease of the wall-ambi-
ent temperature difference ratio (n).
Fig. 4 shows the velocity variation for different values of
Hartmann number (M). It is found from Fig. 4 that the effect
of the Hartmann number is to decrease the ﬂuid velocity. This
is the classical Hartmann effect. Furthermore, the effect of
Hartmann number on the microchannel slip velocity becomes
signiﬁcant with the increase of the wall-ambient temperature
difference ratio (n).
The variation of volume ﬂow rate is displayed in Fig. 5 with



















Figure 3 Velocity proﬁle as a function ln for bvKn= 0.05,
M= 2.0.





















Figure 4 Velocity proﬁle as a function M for bvKn= 0.05,
ln= 1.667.




















Figure 5 Volume ﬂow rate versus bvKn different values of ln.

























Figure 6 Volume ﬂow rate versus bvKn different values of M.






















Figure 7 Variation of skin friction (s0) for different values of ln
(Y= 0).
MHD natural convection ﬂow in a vertical parallel plate microchannel 293ture from the continuum regime (bvKn) for different values of
wall-ambient temperature difference ratio (n). It is obvious
from Fig. 5, increasing bvKn yields an increase in volume ﬂow
rate. It is interesting to note that as the value of wall–ambient
temperature difference ratio (n) increases, there is decrease in
the volume ﬂow.
Fig. 6 presents variation of volume ﬂow rate with respect
to Hartmann number (M) and the departure from the con-
tinuum regime (bvKn) for different values of wall-ambient
temperature difference ratio (n). From this ﬁgure, we con-
cluded that as Hartmann number (M) increases, and the
volume ﬂow rate decreases. This is due to the fact that,as the Hartmann number increases, the velocity decreases.
It is also interesting to note that the role of Hartmann
number is insigniﬁcant for the case of symmetric heating
(n= 1).
The variation of skin-friction is revealed in Figs. 7 and 8
with respect to ﬂuid–wall interaction parameter (ln) and the
departure from the continuum regime (bvKn) for different val-
ues of wall-ambient temperature difference ratio (n) at the
microchannel plates Y= 0 and Y= 1, respectively. It is
observed from these ﬁgures that the skin-friction increases with
the increase of the values of ﬂuid–wall interaction parameter






















Figure 9 Variation of skin friction (s0) for different values of M
(Y= 0).
























Figure 10 Variation of skin friction (s1) for different values of
M (Y= 1) (Y= 1).























Figure 8 Variation of skin friction (s1) for different values of
ln (Y= 1).
294 B.K. Jha et al.(ln). Further, it is found that the impact of ﬂuid–wall interac-
tion parameter (ln) is insigniﬁcant for symmetric heating of
microchannel plates (n= 1).
Figs. 9 and 10 show the combined effects of Hartmann
number (M) and the departure from the continuum regime (bv-
Kn) for different values of wall-ambient temperature difference
ratio (n) at the microchannel plates Y= 0 and Y= 1, respec-
tively. It is evident from ﬁgures that the skin-friction decreases
with the increase of the values of Hartmann number (M). In
addition, the magnitude of skin-friction is higher in case of
symmetric heating (n= 1) in comparison with asymmetric
heating of microchannel plates (n= 0).4. Conclusions
A theoretical study on steady magnetohydrodynamic fully
developed natural convection ﬂow in a micro-channel has been
presented in this work. Closed-form expressions for velocity,
temperature, volume ﬂow rate, skin-friction and rate of heat
transfer which is expressed as a Nusselt number are obtained
by solving the present mathematical model. The effect of rar-
efaction parameter, ﬂuid–wall interaction parameter, and
Hartmann number is discussed with the aid of line graphs.
Results show that increase in the effects of rarefaction and
ﬂuid wall interaction leads to increase of the volume ﬂow rate
while it decreases with increase of Hartmann number (M). It is
also interesting to note that the role of Hartmann number on
volume ﬂow rate is insigniﬁcant for the case of symmetric heat-
ing (n= 1). In addition, it is observed that the skin-friction
decreases with the increase of the values of Hartmann number
(M) at Y= 0 while the reverse phenomenon occurs at the
Y= 1. Furthermore, the magnitude of skin-friction is higher
in case of symmetric heating (n= 1) in comparison with asym-
metric heating of microchannel plates (n= 0). This study
exactly agrees with the ﬁnding of Chen and Weng [2] in the








; F3 ¼ A1
M2
; F4 ¼ 1 bvKnM;
F5 ¼ bvKnF3  F1
F4









F7 ¼ bvKnMF5 exp Mð Þ  bvKnF3  F5 exp Mð Þ  F2
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